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Objectives:

1. To know Behaviour of a particle in One Dimensional Potential Well

2. To study the solving Schrédinger’s wave equation

Outcomes:

1. Understand Behaviour of a particle in one-dimensional box.

2. Understand boundary conditions to get energy eigen values and eigen functions.
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1. Introduction

The motion of objects having distances larger than about 1 nm can be explained on the basis

of Classical Mechanics. It is based on:

. Newton’s laws of motion,

Law of Gravitational attraction,

1
2
3. Coulombs law of attraction or repulsion between 2 electric charges and
4

Lorentz force.

Both law of gravitational attraction and Coulombs law are inverse square laws. The Lorentz

force is the force on a charged particle in motion in a magnetic field.

The phenomena like black body radiation, photoelectric effect etc. cannot be explained on
the laws of classical mechanics but can be successfully explained on the basis of Quantum
Mechanics. To explain distribution of energy in the spectrum, Max Plank in 1900 proposed
quantum hypothesis — origin of quantum theory. By quantum hypothesis, the energy of
radiation is concentrated into photons of energy, E = hv. By classical concept the energy of
radiations is distributed through waves. The phenomena involving distances of the order of

10-1%n can be explained by quantum theory.

In quantum mechanics the Heisenberg’s uncertainty principle plays important role. For a
particle of mass m moving with velocity v the product of the uncertainty in the measurement

of position Ax and the uncertainty in the measurement of velocity Av is

h
Am Av 2— (1)
For heavy particle, 2 is very small and, therefore, the AmAv of the two uncertainties becomes
m

very small. For such particles both the position x and the velocity v can be determined

accurately.

For very heavy bodies, if the mass of body is such that . — 0, the uncertainty vanishes and

m

then all physical quantities of the heavy body can be determined with perfect accuracy. This
is the limiting case of classical mechanics. Thus, classical mechanics is applicable to massive
bodies, and the uncertainty are the characteristic of quantum mechanics. Quantum mechanics
is applicable to light particles such as electron, proton, neutron etc.
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2. A particle in one dimensional infinite potential well

Consider the one-dimensional motion along X — axis of a particle of mass m in a hollow
rectangular box having perfectly rigid or hard or impenetrable potential walls. Let L be the
distance of separation between the walls so that motion along X — axis is confined within the

distance L or between wallsat x = 0to x = L.

Fig. 2.1.1: One dimensional potential well

The potential VV of the particle is co on both sides of the box, while potential it is
constant say zero for convenience on the inside. The potential energy curve for the particle is
shown in figure above and, because of its appearance is called a square well potential of
infinite depth. Since potential energies are never infinite in the real world, our original rigid

walled box has no physical counterpart. The particle bounces back and forth between the

Page 4of 19
M1: 09/01/2021 DAYA PHY_EKK_M?2 B. Sc. Il Sem VI Phy AY 2020-21
Self-Paced Learning Mode by E K Kore




DBF Dayanand Physics e | Path Shala by E K Kore

walls of a box. As walls are rigid, particle does not loose energy when it collides with walls

of one-dimensional box, so its total energy remains constant.

The particle cannot have co amount of energy and hence it cannot do infinite work to
come out of the box. Hence particle cannot exist outside the box and exists inside the box
only. In order to leave the region, the particle will have to do an infinite amount of work and
since this is not possible hence it cannot exist outside the box. Hence for x < 0 and x > L the
wave function ¥ (x) = 0. Therefore, its wave function y(x) do not exist outside the box and

wave function exists inside the box only.

Here potential, V(x) = 0, is independent of time hence we use Schrodinger’s time-
independent or steady-state wave equation. The Schrodinger’s wave equation three

dimensions is

2m
Vi + W(E -y =0 - (2)

A differential equation for the wave associated with a particle in motion cannot be derived
from first principles. The first principle is the foundational proposition that stands alone and
can we cannot deduce the first principle from any other proposition or assumption. The first
principle is building block of true knowledge. The differential equation may be developed by
any one out of many procedures. Here, it is developed by using “A complex variable
quantity, called the wave function, is assumed to represent a plane simple harmonic wave

associated with a free particle, and the classical expression for the total energy is used.”

As potential, V(x) = 0, is function of single variable, we use Schrédinger’s wave

equation in one dimension.

0y 2m

Gt E=1Y =0

As, inside the box,
V(ix) =0
The Schrodinger’s wave equation becomes,
02y 2mE

ax2+—h2 PY=0
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2
aizcan be replaced by total
0x

As v is function of single variable x, the partial derivative

A 2y
derivative 2 .
dx?

2mE
OT, W-I- TIIJ =0

2m V2mE
Let k2 = E s k= -

K2 A
As m and h are constants, for a particular value of E, k is constant.

dy
a2 + k=0

Above equation is second order differential equation in variable x. Its general solution is
given by:

Y(x) = Asinkx + B cos kx

Where A and B are constants to be evaluated using boundary conditions. The boundary

conditions are that the wave function ¥y must vanish at the boundaries.
Therefore, the boundary conditions are:

i) Atx=0, Y(x)=0
and
i)y Atx=L, p(x)=0

Using boundary condition: ¥(x) = 0 at x = 0 in the general solution, we get,
B=0
Therefore, the general solution becomes:
Y(x) = Asin kx
Using boundary condition: y)(x) = 0 at x = L in the above equation, we get,
0 = AsinkL
= either A=0 or sinkL=0

But we cannot take, A = 0, because then there will be no solution. Hence,
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sinkL =0
Why A = 0 is not taken? Its explained as follows:

Already, B = 0, and if we take A = 0 then the entire function, ¥ (x) will vanish in the well.

And therefore, A = 0 is not taken. Therefore, surely,
sinkL =0

= kL=nm wheren=1,2,3,..

nmro__

We cannot take n = 0 because forn =0,k =_—"_=20, (and .~ E = 0) hence Y(x) =0
L

everywhere in the one-dimensional box. And once the wave function vanishes, the particle
does not exist in that region. Using value of, k =~ j, equation for y(x):
L

nm
Y(x) = Asin (T) %

This is equation for ¥ (x) for a particle in one dimensional rigid box. Now let’s obtain energy
eigen values and respective eigen functions.

Page 7of19
M1: 09/01/2021 DAYA PHY_EKK_M?2 B. Sc. Il Sem VI Phy AY 2020-21
Self-Paced Learning Mode by E K Kore




DBF Dayanand Physics e | Path Shala by E K Kore

3. Energy eigen values

Equating equations of k:

Squaring,

2,72
L2

n?m2h?

2mlL2

nm?h?
For ntt state, E,= oL wheren =1,2,3, ...

This is equation for eigen-value of energy. The wave function ¥, corresponding to E, are
called eigen-functions of the particle. The integer n corresponds to the energy E- is called the
quantum numbers. Here n = 0 is not considered, means that particle with zero energy cannot

exist in the box. Or, a particle in the box cannot have zero energy.

1) The lowest energy of the particle. called the ground state energy. is obtained by

putting n = 1 in the equation of Ex.

mlh?
1= omlz

The value of E,, in terms of E1, are given by

En == nZEl

2) The equation, of En, shows that eigen-values of energy are discrete; and not
continuous. And these values are called the energy levels of the particle.

3) The spacing between the energy —levels of the particle increases with increase in n.
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Fourth excited state

Third excited state

E. — 32F Second excited state
3 1

E, - 2K, First excited state

, Ground state
E1 =4 E1

0

Fig. 2.1.2: Energy levels one dimensional box
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4. Eigen Functions

The wave functions for the motion of the particle are:

nm
Pn(x) = Asin —x in the region 0 < x > L

Ya(x) = 0,in the regionx < 0 & x > L

The total probability that the particle is somewhere in the box must be unity. Or the

requirement of ¥ is that it should be normalizable (normalized to unity). Therefore, we have,

L

Jlpn()|? dx = 1

0

‘ nmw
[A2sin2 __xdx =1

L
0

L nm
A2 [sin2 __xdx =1
0

1 — cos 26
2

 sin? 0 =

L1 - COSZMX)

A2 = L ax=1
0

L

A2 nm

7f(1—COSZTX) dx =1
0

A2 sin 2 lﬁ,Ex "

nr | =1
L

X —

2 X=

0
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2

Every acceptable wave function can be normalized by multiplying it by an appropriate

. . N 2
constant and this constant is known as normalization constant. Here A = V= is normalization
L

constant. Using value of A the equation for wave function becomes:

nm

2
Yal) = V= sinx

This is eigen function or proper function. As ¥.(x) is eigen function, it satisfies the

normalization condition (normalized to unity), i.e.

L —
nm

2
f\/ZSin Txds =1

0

This can be proved by substituting, sin? § = =% |

2

The wave- functions for the first three values of n are shown in figure.

It is evident that the wave function 11 has two nodes: at x = 0 and x = L. The wave function

L
Y, has three nodes: at x = 0,x = ~ and x = L. The wave function 3 has four nodes: at x =

0,x = f,x =*" and x = L. Thus, the wave function Y will have (n + 1) nodes; including
n

3 3
nodes at extremities.
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For a particular energy state, characterized by the quantum number n, the number of

intermediate nodes, or excluding nodes at the extremities, is (n — 1).

The probability of finding the particle described by the wave function v at the point, at the
time ¢t is proportional to the value of |y|? there at t. The variation of the probability densities,

||?, with x for 3 values of n are shown in the figure.

A A
sl N\ 5N\
N

RN
o |

¥=d

Fig. 5.1.3: Wave functions
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|4 1*

x=0 =L
Fig. 5.1.4: Probability of finding the particle.

A particle in the lowest energy level of n = 1 is most likely to be in the middle of the box,

which a particle in the next higher state of n = 2 is never there!

Classical physics, of course, predicts the same probability for the particle being anywhere in
the box.
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5. Summary

In this module we have obtained bound state solutions of the one-dimensional Schrédinger’s
wave equation. As particle cannot have infinite energy, so it cannot do infinite work, hence it

cannot come out of the potential box. It bounces between the potential walls.

The solution of differential equation, is shown by a Greek letter, psi has no physical
significance and experimentally it is not a measurable quantity. When a sound wave travel
through the medium, there occurs pressure variations, when a light wave travels, the
electromagnetic field varies in space and time. What is it whose variation constitutes de Broglie
waves? It is the psi. The psi does not represent a physically measurable quantity. Modulus of
square of psi is called probability density. The probability P that something be somewhere at a
given time can have any values between two limits: 0 and 1, where zero corresponds to
certainty of its absence while 1 corresponds to certainty of its presence.

The wave function y represents a solution of the Schrédinger wave equation. And the
amplitude of any wave may be negative as well as positive. But the negative probability has no
meaning. Hence the square of the absolute value of the wave function, i. e.|y|"2, is taken. The
[y|"2; is called probability density. The probability of finding the particle described by v at the
point(x,y.z) at the time t is proportional to the value of |y|*2 there at t. A large value of |y|"2
means the strong possibility of particles presence and a small value of |y|*2 means the slight
possibility of particles presence. As long as |y|*2 is not actually zero somewhere; there is a
definite chance, however small, of detecting the particle there. This interpretation was first

made by Max Born in 1926 and was elaborated by Heisenberg and Bohr.
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Exercise:

1. Find the lowest energy of an electron confined to move in a one-dimensional box of
length 2 A?
Given: m = 9.11 x 1031%kg ,h = 1.054 X 10734 ] — s
Solution:

Length of box, L=2A =2x10-10m
2. 232
Formula: E =™ "
2mL?
For lowest energy, n = 1
7Ith
E=omiz
(3.142)2(1.054 x 10-34)2
T 2x9.11x 1031 x (2 x 10-10)2

E =1.5048 x 10-18]

As,1] =16 X 10" eV

_ 1.5048 x 10-18

1.6 x 10-1°
E =9.405eV

Find the lowest energy of a neutron confined to a nucleus of size 10-15 m. Given:
mass of the neutron = 1.67 X 10-%7 kg.

Solution:

Length of box, L = 101> m

2232
Formula; E ="
2mlL2
For lowest energy, n = 1
mh?
E=omiz
(3.14)2(1.054 x 10-34)2
~ 2(1.67 x 10-27)(10-15)2

E =3.083 x 10117

As,1] =16 x10"1 eV
3.083 x 1011

T T 16x10-1
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E =192.6875 MeV

What do we understand?

Quiz on what we learned: Multiple Choice Questions

1) The energy spectrum of a particle in one dimensional rigid box has the nature of ....
a) infinite sequence of discrete energy levels.
b) infinite sequence of equidistance energy levels
c) finite sequence of equidistance energy levels
d) exponential increasing
The boundary conditions of one-dimensional square-well potential of finite depth are
given by ......
a)V(x) =0whenx < —a, V(x) =Vowhen—a<x<a
and V(x) =Vowhenx > a
b) V(x) =Vowhenx < —a, V(x) =Vowhen —a <x <a
and V(x) = 0whenx = a
c)V(x) =Vowhenx < —a,V(x) =0when—a<x<a
and V(x) = 0 whenx > a
d) V(x) =Vowhenx < —a, V(x) =0when —a < x < a
and V(x) =Vowhenx = a
The energy of the lowest state in a one-dimensional potential box of length L is ......

2
a) zero b) 3z
8mL2

ol d
8mL2 m

4) A standing wave is formed between two supports at x = 0 and x = L with one loop,
then energy possessed by a vibrating particle of mass ‘m’ which produces this

standing wave is given by......
232
b) E = T°h

2mlL2
d E = hv

5) Energy of a particle which is moving in one-dimensional rigid box is proportional to

a) square of length of box. b) reciprocal of square of length of box.
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c) length of box. d) reciprocal of length of box.

The minimum energy of particle confined to one dimensional rigid box is obtained by
substituting n equal to ......

a) one b) zero

c) half d) two

Which of the following is the uncertainty relation for angular momentum and angular
position?

a) ALAG = h b) ApA6 = h

C)ALAp = h d) AyAp > h

Answers to Quiz

1) a) infinite sequence of discrete energy levels.

2)d)V(x) =Vowhenx < —a, V(x) =0when —a <x <aand V(x) =Vowhenx > a

hZ
8mlL2

3) )

b __ m2h2
ADE = 2mL2

5) b) reciprocal of square of length of box.
6) a) one

7) a) ALAG > h
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Feedback: (Tick mark your option)
1) How was the learning experience?
Outstanding/Excellent / Nice /Good/Fair

2) Which aspect do you like most?

Introduction/Concept/Diagrams/Exercise/Applications

3) Anything else to be added?

Applications/Problems/lllustrations/Notes/Videos

4) Which point was not up to the mark and need revision?

Introduction/Concept/Diagrams/Exercise/Applications

5) Suggestions if any:

Name of the student and class:
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Ctrl + Click Following links to Know More

6) https://www.youtube.com/watch?v=uPvWIwOhCTo
7) LEC-33 Potential well / Particle in a box - YouTube

An Investment in Knowledge

Pays the Best Interest

- Benjamin Franklin

HAVE A NICE LEARNING EXPERIENCE

~ Thank you ~
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